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Abstract 

In this paper, let V l n . <s . k denote a set of fc-flaw preference sets (ai, . . . ,a n ) with n 
parking spaces satisfying that 1 < an < s for any i and a\ = I and p l n . <s . k = |^-< s -fc|- 
We use a combinatorial approach to the enumeration of fc-flaw preference sets by their 
leading terms. The approach relies on bijections between the fc-flaw preference sets and 
labeled rooted forests. Some bijective results between certain sets of /c-flaw preference 
sets of distinct leading terms are also given. We derive some formulas and recurrence 
relations for the sequences p l n . <s . k and give the generating functions for these sequences. 
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1 Introduction 



Throughout the paper, let [n] := {1,2,..., n} and [m, n] := {m, . . . , n}. Suppose that n 
cars have to be parked in m parking spaces which are arranged in a line and numbered 1 to 
m from left to right. Each car has initial parking preference af, if space is occupied, the car 
moves to the first unoccupied space to the right. We call (aj, . . . , a n ) preference set. Clearly, 
the number of preference sets is m n . If a preference set ( ) satisfies a, < a^+i for 

1 < i < n — 1, then we say that the preference set is ordered. If all the cars can find a parking 
space, then we say the preference set is a parking function. If there are exactly k cars which 
can't be parked, then the preference set is called a k-flaw preference set. 

Let n, m, s, and k be four nonnegative integers with 1 < s < m and k < n — 1. Suppose 
that there are m parking spaces. We use V n ,m;<s;k to denote a set of /c-flaw preference sets 
(d, . . . , a n ) of length n satisfying 1 < a,i < s for all i. For 1 < I < s, we use V l n m<s . k to denote 
a set of preference sets (at, . . . , a n ) G V nm < s - k such that a x = /. Let p n , m ;< S ;k = \V nm < s -A 
and p l nm<s . k = yP l nm . <s . k \. For any of the above cases, if the parameter k ( resp. m ) doesn't 
appear, we understand k = ( resp. m = n ); if the parameter m and s are both erased, we 
understand s = m = n. 

There are some results about parking functions with s = m = n. Riordan introduced 
parking functions in [15]. He derived that the number of parking functions of length n is (n + 
l) n_1 , which coincides with the number of labeled trees on n+ 1 vertices by Cayley's formula. 
Several bijections between the two sets are known (e.g., see [T3J HE])- Furthermore, define 
a generating function P(x) = ^2 — x n . It is well known that xP(x) is the compositional 

n>0 ' 

inverse of the function ip(x) = xe~ x , i.e., if)(xP(x)) = x. Riordan concluded that the number 
of ordered parking functions is ^-j- ( 2 ^) , which is also equals the number of Dyck path of 
semilength n. Parking functions have been found in connection to many other combinatorial 
structures such as acyclic mappings, polytopes, non-crossing partitions, non-nesting partitions, 
hyperplane arrangements,etc. Refer to [HI El EH El HE] for more information. 

Any parking function (oi, . . . , a n ) can be redefined such that its increasing rearrangement 
(pi, ... , b n ) satisfies 6« < i. Pitman and Stanley generalized the notion of parking functions in 
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[T3] . Let x = (jcx, . . . , x„) be a sequence of positive integers. The sequence a = (ai, . . . , a n ) 
is called an x-parking function if the non- decreasing rearrangement (61, ... , b n ) of a satisfies 
h < Xi + . . . + for any 1 < z < n. Thus, the ordinary parking function is the case 
x = (1, . . . , 1). By the determinant formula of Goncarove polynomials, Kung and Yan [12] 
obtained the number of x-parking functions for an arbitrary x. See also [JJJl [201 EI] for the 
explicit formulas and properties for some specified cases of x. 

An x-parking function (at, . . . ,a n ) is said to be /c-leading if a\ = k. Let q n ± denote the 
number of /c-leading ordinary parking functions of length n. Foata and Riordan [7] derived a 
generating function for q n ^ algebraically. Recently, Sen-peng Eu, Tung-shan Fu and Chun-Ju 
Lai [3j gave a combinatorial approach to the enumeration of (a, b, ... , 6)-parking functions by 
their leading terms. 

Riordan [15] told us the relations between ordered parking functions and Dyck paths. Sen- 
peng Eu et al. [H [5] considered the problem of the enumerations of lattice paths with flaws. 
It is natural to consider the problem of the enumerations of preference sets with flaws. There 
is a interesting facts. Salmon and Cayley in 1849 established the classical configuration of 27 
lines in a general cubic surface. Given a line /, the number of lines, which are disjoint from, 
intersect or are equal to I, are 16,10 and 1, respectively, see [§j for the detail information. 
These number exactly are the number of 0-, 1- and 2-flaw preference sets of length 3. Peter 
J Cameron et al. pQ indicate that there are some relations between /c-flaw preference sets 
and the context of hashing since data would be lost. Also they counted the number of /c-flaw 
preference sets and calculate the asymptotic. Ordered Maw preference sets were studied in 
[TO] and some enumerations for some parking functions were given in [TT] . 

In this paper, we use the methods developed by Sen-peng Eu et al. [3] to study fc-flaw 
preference sets. Sen-peng Eu et al. find that triplet-labelled rooted forests enable (a, 1, ... , 1)- 
parking functions to be manipulated on forests easily. The methods are different with that 
in [JJ. We consider triplet-labelled rooted forests associated with /c-flaw preference sets and 
establish a bijection between /c-flaw preference sets and label rooted forests, so as to enumerate 
/c-flaw preference sets by leading term. 

First, we enumerate /c-flaw preference sets in the set V n -< s -k- Then we consider the 
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triplet-labelled rooted forests and bijections associated with the parking functions in the set 

P n , n+fc; < n+fc . Using these bijections, we find that p\ tn+k .< n+k = p 2 n , n+k -< n+k = ■■■ = P^+ fe ;<n+fc 

for any fc > 0. Taking Z = 1, we have (1) p^ n+fe .< n+fe = p n -i,n+k;<n+k for any fc > and n > 1; 

(2) Pln+k^n+k = E KJ^i+fc-i^i+fc-iPn-i for an y fc > L Wlien fc + l<Z<n + fc-l, we 
1=1 

obtain the recurrence relation P l n , n+k; < n+k - p l ^ +k ;<n+k = {^Jpi-k-ij-i^i-iPn+k-i- 

To enumerate fc-flaw preference sets in the set V l n . <S]k , we study the triplet-labelled rooted 
forests and bijections associated with the fc-flaw preference sets in the set V n; < s;k . We prove 
that p\.< s . h = p 2 n .< s . k = ... = p k n .< s . k for any fc > 1; letting Z = 1, we have p^.< s;fe = 

s-fc-1 

E { s ^ll-i)Pn+k-8+i;<iPl-k-i,s-i-i;<a-i-i for any fc > 1 and fc + 1 < s < n. For the cases 
i=i 

with s = Z, we derive some interesting identities: (1) p s n . <s . k+ i — Pn-< s -k ^ OT an y k > 1 and 
fc + 2 < s < ra; (2) p* +1 .< s;fe = P„;< s; fc for fc > and fc + 1 < s < n; (3) p* +1 .< s;fe = p n -,<s;k for 
any fc > and k + 1 < s < n; (4) = ^ f or any n > 2; (5) pJJ ;1 - p^ 1 = p n ^ 2 for any 
n > 2. When fc < Z < s — 1, we obtain the following recurrence relation 

t, 1+1 -J — V ^ ( n_1 \„ _ J-i-1 1 

Pn;<s;k Pn;<s;k ~ I • _ i , ^ J Pi-k+l,i;<i |_/Vt-fc-i-l;<s-i-l ^n+fe-i-l;<s-i-lj 

i=fc-l ^ ' 

( n ~ A r i s _i I 

+ W _ jfc )Pl-k,l-l;<l-l [P n +k-l;<s-l ~ P n +k-l;<s-l;l\ ■ 

We also are interested in generating functions for some sequences. For any fc > 1 and s > 0, 
define a generating function D kyS (x) = £ p^-^ n then £> M (:r) = [P(x)] fc+1 £ (-^'(fcy+i-O 1 ^. 

n>s+k i=0 

[ p ( x )] kk J2 1 { ~ 1)i{k ^ s ~ i]i x 1 . Furthermore, let D(x,y,z) = EE E Pn] -^ S]k x n y s z k ', then 

i=0 fe>ls>0n>s+fc 



D(x,y,z) 



zP(x) 
y-zP(x) 



e xy_ y e xzP ( x )-zP(x) 



n+k-l 



For any Z > and fc > 0, define a generating function H ljk (x) = Yl "?n-i1" tnen 

n>2+l 

H l>k (x) satisfies the recurrence relation H ljk (x) = Hi_ 1>k (x) - Pl ' l ^fy +k x l + p fx i+1 [P(x)] fc+1 
with the initial conditions H 0jk (x) = x[P(x)] k+1 . Let H k (x,y) = H^ k (x)y l and H(x,y,z) = 

l>0 

E I/)** , then ff fc (x, y) = ^){[^)]^^' t+1 > and H(x, y,z) = *-%& 



l>0 

Pjx) yP(xy) 



k>0 



l-zP(x) \-zP(xy) 
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Define a generating function W(x,y, z,v) = X) EE E 



fc>ls>0(>sn>fc+( 




i?(a^/, -P(xy)) 



y 



where i2(a;, y) = ^ffi y and y, z) 



X 



P(xy)(P(x)-yP(xy)) 



zP(xyz)[P(x)-yzP(xyz)] 
l-yz 



Recently, Postnikov and Shapiro [H] gave a new generalization, building on work of Cori, 
Rossin and Salvy [2], the G-parking functions of a graph. For the complete graph G = K n+ i, 
the defined functions in [H] are exactly the classical parking functions. So, in the future work, 
we will consider fc-flaw G-parking function. 

We organize this paper as follows. In Section 2, we enumerate fc-flaw preference sets in the 
set P n; < s; fc. In Section 3, we consider the triplet-labelled rooted forests and bijections associated 
with the parking functions in the set V n ,n+k;<n+k- In Section 4, we give the enumerations of 
parking functions in the set V l n n+k . <n+k . In Section 5, we study the triplet-labelled rooted 
forests and bijections associated with the fc-flaw preference sets in the set V n -< S] k- In Section 6, 
we investigate the problems of the enumerations of preference sets in the set V l n . <s . k . In Section 
7, we obtain some generating functions for some sequences given in the previous sections. In 
Appendix, we list the values of p l n . <s . k for n < 7 and p l n n+k . <n+k for any n < 5 and k < 3. 

2 Counting the number of elements in V n -,<s;k 

In this section, we will consider the enumerations of preference sets in the set V n -< s -k- 
Lemma 2.1. Let 1 < s < n and 1 < k < s — 1, then 



Proof. For any a = (a 1; . . . , a n ) G V n -< s -k, suppose that the (n — i)-th parking space is 
the last empty one. Obviously, n — s + l<i<n — k. Let S = {j \ aj > n — i} and as be 
a subsequence of a determined by the subscripts in S. Then \S\ = k + i. Let T = [n] \ S, 
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then |T| = n — k — i and dj < n — i for any j G T. Let «t be a subsequence of a determined 
by the subscripts in T, then a T G "P n _fc-i,n-i-i ; <n-i-i- Suppose a s = {pi,..., b k+i ), then 
(61 - n + i, . . . , b k+i -n + i) G Pi+fc ; < s +i-n- 

There are ™J ways to choose i + k numbers from [n] for the elements in S. There are 
Pi+k;<s+i-n and p n _ fe _j i „_j_ 1 .< n _j_ 1 possibilities for 0:5 and «t, respectively. Hence, for any 
1 < k < s — 1, we have, 

^ / n \ 

Vn\<s\k / J \^^j^JPn—i—k,n—i—l;<n—i—lPi+k;<s+i—n 

n — ■> 1 — c-l_1 ^ ' 



i=n— s+1 



/ , I , • , 7 I Vs — i— k,s — i — l:<s— i — lPn — s+i+k:<i- 

\ n — s + 1 + k I 



3 Triple-labelled rooted forests and a bijection 

In this section, we consider the triplet-labelled rooted forests and bijections associated with 
the parking functions in the set P n ,n+fc;<n+fe- Using these bijections, we give the enumerations 
of parking functions in the set V l n ^ n+k .< n+k . 

Let B Uj k be a set of all sequences (T , . . . , T k ) of length k + 1 such that (1) the union of the 
vertex sets of T , . . . , T k is {Ri \ < i < k} U [n], where Ri [n] is just an artificial label; (2) 
each Ti is a tree with root Ri, (3) T; and Tj are disjoint if i 7^ j. 

Let F G B n ,k- For any x G [n], there is an unique root Ri which is connected with x. 
Define the height of x to be the number of edges connecting x with root Ri. If the height of 
a vertex z is less than the height of x and {z, x} is an edge of F, then z is the predecessor of 
x, x is a child of z, and write z = pre(x) and x G child(z). 

Fixing a sequence F of rooted trees in B njk , we define a linear order <^ on [n] by the 
following rules. Let x,y G [n] . 

(1) For any i ^ j, x E Ti and y G Tj, if i < j, then x <f y. 

(2) For any i and x, y G Tj, if the height of x is less than the height of y, then x < F y; if 
the height of x is equals the height of y, and pre(x) <f pre(y), then x <f y. 

(3) For any i and x, y G Tj, if pre(x) = pre(y), but x < y, then x <f y. 
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The sequence formed by writing {1, . . . , n} in the increasing order with respect to <f is 
denoted by Up 1 = (cr^ 1 (l), . . . , ap l {n)). And the permutation o> is the inversion of a^ 1 . 

i-1 

Next, we define the forest specification of F. Let to* be the number of the vertices in |J Tj 

3=0 

for 1 < % < k + 1. Clearly, m fe+ i = n + /c + 1. Set rp = (ri, . . . , r n+k ) as follows. 

(1) r\ is the number of children of the vertex R . 

(2) r\ is the number of children of the vertex o r p 1 (? — 1) if 2 < i < mi. 

(3) r nii+ i is the number of children of the vertex Ri for 1 < i < k. 

(4) r, is the number of children of the vertex o-^ii — j) if m^-i + 2 < i < for some j. 
Given F e i3 ni/ t, we may obtain (i>,<7f). Let 

1 if 1 < a F {i) < n 

k fe+1 

fc + i if i + En < <tf(i) < 

1=1 1=1 

It is well known that each labeled tree on n + 1 vertices would correspond to a parking function 
of length n. So, we obtain a parking function op = (ai, . . . , a n ) G V ntn+ k-,<n+k and parking 
spaces mi, ... , m fc could not be occupied. 

Conversely, for any a = (a ± , . . . , a n ) G P„ iri +fe;„ + fc, let r Q = (ri, . . . , r n+fc ) be the sped f icatioin 
of a, i.e., rj = \{j | % = Furthermore, we may suppose that parking spaces mi, . . . , m^ 
are empty, then r m . = for i — 1, . . . , k. 

For 1 < % < n, define 

7r a (i) = \{dj | either a>j < di, or aj = and j < i}\. 

Note that 7r a = (7r Q (l), . . . , 7r a (n)) is a permutation of [n]. Let n~ l be the inversion of n a . 
Let 

mi — 1 if i = 

^; = \ m i+ i — mi — 1 if i = 1, . . . , k — 1 

n + k — mk if i — k 
By mi, . . . , m^, we can decompose r a and n" 1 into the following k+1 subsequences, respectively: 



r; = (r it i,...,r i>ti ) = < 



(ri,...,r mi _i) if i = 

(r mi+ i,...,r mi+1 _i) if i = 1, - - - , A; — 1 

(r mfe+1 , . . . ,r n+fc) if i = fc + l 
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and 



Oi = (cTi(l), . . .,<Ti(ti)) 



(Tr-^l),...,^- 1 ^! - 1)) if i = 

(7r _1 (mj - z + 1), . . . , 7r _1 (m i+ i - % - 1)) if z = 1, . . . , k - 1 
(7r _1 (m fc - fc + 1), . . . ,7r _1 (n)) if z = A; + 1 

We associate (r^ a{) with a rooted tree on £3 + 1 vertices. The vertex set of T, is 
{i?,} U | 1 < j < ti}, where Ri ^ [n] is just an artificial label. Let Ri be the root of 

Tj. The children of Ri are 0i(l), • • • , (^(r^i). For any 1 < j < ti, the children of <Ji{j) are 
(Ji(l + X] r i,m), ■ ■ ■ r itm ). So, we obtain a rooted forest F a with k + 1 components 

m=0 m=0 

To, . . . , Tfe and the vertex set of F a is | < z < k} U [n]. 

Lemma 3.1. There is a bijection between V ntn+k -< n+k <wirf £y/c- 

Corollary 3.1. Let a = (oi, . . . , a n ) G V n<n+k] < n+k and F = (T , . . . , T fc ) = 0(a) G B n , fe . 
Suppose x G [n], i is o c/iz'W o/ roo£ i? s /or some < s < k. Let fi be the number of the 

s-1 

non-root vertices of |J Tj, then a x = fi + s + 1. 
i=o 

Proof. Since a G 7-n, n +fc ; < n +fc, we could obtain (rc,,^ 1 ) and suppose that parking spaces 
mi,. . .,m k couldn't be occupied. Observe that aj = mj + 1 for some j G [n] if and only if j is 
a child of Ri in F. Hence, we have a x — m a + 1. So = /j + s + 1 since /x = m s — s. ■ 

Corollary 3.2. Le£ a G V ntn+k -< n+k and F = (T , . . . , T fc ) = 0(a) G z3„ jfc . Suppose x 1 ,x 2 e 
[n], x\Xi is an edge ofT s for some < s < k and 7r a (a;i) < n a (x2), then a X2 — ir a (%i) + s + 1. 

Proof. Since a G V ntn+k] < n+k , we could obtain {r^n^ 1 ) and suppose that parking spaces 

mi,. . .,m k couldn't be occupied. Then there are the subsequences (r s , a s ) of (ro,,^ 1 ) such 

i 

that x\ = o~ s (j) and x 2 = o~ s (l + r i,m) for some j and /. Note that n a (xi) = m s — s + j and 
a X2 — m s + j + 1. Hence, a X2 = 7r Q (xi) + s + 1. ■ 



By Corollary 13. II and Corollary 13.21 we may associate a with a (k + l)-component rooted 
forest F a on n + k + 1 vertices, called triplet-labeled rooted forest. Since a G V ntn+k -< n+k , we 
suppose that parking spaces mi, . . . ,m k couldn't be occupied. Let m = and \ii = rrii — i 
for any < z < k. The vertex set of F a is {(-Ri, 0, /ij) | < i < k} U {(z, cij, 7r a (z')) | 1 < i < n} 
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of triplets, where Ri ^ [n] is just an artificial label for discriminating the additional triplets. 
Let (Rq, 0,/i ), . . • , (Rk, 0, Hk) be the root of distinct trees of F a . For any two vertices u = 
(xi,yi,Zi) and v = (x2, Vi-, Z2), v is a child of u if there exists i such that \i{ < z\,z 2 < 
and y% = z\ + i + 1. 

For example, take n = 12 and a = (7, 1, 11, 12, 6, 11, 12, 2, 6, 2, 6, 12, 1) G "Pi2,i4 ; <i4- It is 
easy to check that mi = 4 and m2 = 11. Hence, /io = 0, /xi = 3 and /X2 = 9. We can obtain 
the following table: 



i 


1 


2 


3 


4 


5 


6 


7 


8 


9 


10 


11 


12 




6 


1 


8 


12 


7 


12 


5 


8 


12 


2 


1 


5 


TC a (i) 


6 


1 


8 


10 


7 


11 


4 


9 


12 


3 


2 


5 




2 


11 


10 


7 


12 


1 


5 


3 


8 


4 


6 
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and r a = 
on Fig.l. 



(2, 1, 0, 0, 2, 1, 1, 2, 0, 0, 0, 3, 0, 0). The rooted forest F a associated with a is shown 



2 
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Ro R1 R 2 



12 







469 



1. 
1. 

3« 

Fig.l. A rooted forest F a associated with the parking function 
a = (7, 1, 11, 12, 6, 11, 12, 2, 6, 2, 6, 12, 1). 

The triplet-labelled rooted forest F a associated with a is shown on Fig.2. 

(Ro,0,0) (Ri,0,3) (R2,0,9) 




(2,1,1;/ x (754 

(11,1,2 




(1,6,6 



(10,2,3) 





(J 2,5,5) 

(4,12, 10)(6, 12,11) (9,12,12) 



(5,7,7) 
(3,8,8) (8,8,9) 

Fig.2. A triplet-labelled rooted forest F a associated with the parking function 
a = (7, 1, 11, 12, 6, 11, 12, 2, 6, 2, 6, 12, 1). 

For any a G V ntn+ k;< n +k, by triplet-labelled rooted forest F a associated with a, we could 
obtain the bijection between P n ,n+fc ; <n+fc and B n ^- 
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Given a G V n ,n+k;<n+k, let F a be a triplet-labelled rooted forest F a associated with a. Let 
i/)(x, y,z) — x for any (x, y, z) G {(-Rj, 0, fii) | < i < k} U {(2, a^, 7r a (i)) | 1 < i < n}, and two 
vertices ip(xi,yi, z±) and ip(x 2 ,y 2 , z 2 ) are adjacent if and only if {x\,y\,z\) and (2:2,1/2,-22) are 
adjacent in F. So, we get a labeled forest F a . Let 0(a) = F a , clearly, 4>(a) G 

To describe for each F G B n ^ k , let F = (T , . . . , T^) and the tree T have the root 

Ri for each i. We express F in a form, called canonical form, of a plane rooted forest. Let 

T , . . ., T fc be placed from left to right. If a vertex has more than one child then the labels 

of these children are increasing from left to right. Let /j,q — and /ij be the number of the 

non-root vertices in 1J Tj for 1 < % < k. Let 9(Ri) = (Ri, 0, /ij) for each i. For any j G [n], let 
i=o 

#(j) = (j,yj,Zj), where yj and Zj are determined by the following algorithm A. 
Algorithm A. 

(1) Let F = (T ,...,T fc ). Traverse T by a breadth-first search, suppose j is the s-th 
non-root vertex and label the third entries Zj = s + fii. 

(2) For any two v = (xi, y±, z±) and u = (x 2 , y 2 , -22), if w is a child of v and x\ = R iy then 
Vi — Hi + i + 1; if m is a child of i>, the vertices x\ and x 2 are in Tj and a;i,a;2 G [n], then 
y 2 = z x + i + 1. 

Note that if w is a child v in T, then y 2 — Hi — i = z 2 — Hi = 1 if x i = and z 2 > z\ 
implies that y 2 — Hi ~~ * = (^i + * + 1) — Hi ~ i < z i ~ Hi if x i R-i- Sorting the triplets of 
non- vertices by the first entries, the sequence ip~ l (F) = (yi, . . . ,y n ), which is formed by their 
second entries, is the required parking function. Obviously, parking spaces \ii + i couldn't be 
occupied for 1 < i < k. ■ 

For any a = (a u ...,a n ) G V n , n+k -< n+k , we may obtain r a = (n, . . . , r n+k ) and 7r a = 
(7r a (l), . . . , 7r a (n)) and suppose that parking spaces m 1 ,...,m k couldn't be occupied with 
m-i < m 2 < . . . < m k , then define the following parameters about a: 

(1) l a : the leading term of a, i.e., l a = a±] 

(2) n a : the number of a x in a, i.e., t a = \{i \ ai = a\}\; 

(3) m a = m k ; 

(4) g a = max{mi \ rrii < l a }; 
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(5) h a — max{i \ rrii < l a }; 

(6) r a = \{i | clj < l a }\ + 1; 

Clearly, r Q > l a - h a . Now, let V l n>n+k .< n+k = {a G T n , n+k] < n+k \ l a = I}. Let P n>k 
denote the set of triplet-labelled rooted forests F' a associated with a G V l n n+k . <n+k . If 1Z is 
a set consisting of some parking functions, then we always use J-(1Z) to denote the set of 
triplet-labelled rooted forests associated with the parking functions in TZ. 

The following lemma has the same proof as the lemma in [3] . For the sake of completeness, 
we still prove it as follows. 

Lemma 3.2. Let k > 0. For any 1 < / < n + k — 1, let A\ = {a G V l nn+k . <n+k \ r a > 
I — h a or n a > 2} and C\ = {a G Vj^ +k . <n+k \ I > g a + 1} . Then there is a bisection from Ai 
to C\. 

Proof. It suffices to establish a bijection ip : ^(./L) — > JF(Ci). Given an F a G ^(Ai), let 
u = (1,1, ^(l)) G F a . Obviously, u G T% a and I > g a + 1. If r a > I — h a , then ^(1) > I — h a 
and Th a — Ty la (u) has at least / — h a vertices. On the other hand, u G implies that there 
are at least I — h a — 1 terms aj satisfying g a + 1 < aj < I. Hence, if n a > 2, then there are at 
least / — h a vertices in Th a — Th a {u) as well. 

Let (Rh a i 0, g a — h a ) be the 0-th vertex. Traverse Th a — Th a (u) by breadth-first search and 
locate the (/ — g a )-th vertex in T ha — T ha {u), say v. By attaching T ha (u) to v so that u is 
the first child of v in Th a — Th a (u), updating the second and the third entries of all non-root 
vertices by Algorithm A, and the other trees remain unchangeable, we obtain ip(F a ). the 
triplet of u becomes (1, / + 1, vr(l)). I > g a + 1 implies that ip{F a ) G JF(Ci). 

To find given an Fp G FiCi), let u = (1,1 + 1,7173(1)) G Fp and v the parent of u. 
Clearly, u G T h/3 . Since I > gp + 1, v isn't the root (^^,0,^ — hp) of T h . In Fp, we locate 
the vertex, say w, the third entry of which is equal to I — hp — 1. Attach T^^u) to w so that 
u is the first child of w. By Algorithm A, the updated triplet of u becomes (1, /, vr(l)) and the 
other trees are unchangeable. We observe that either ir(l) — I if v is another child of w, or 
tt(1) > / otherwise. Hence e ^(TZ). ■ 
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For example, take n = 12, k = 2 and / = 2. We consider a parking function a = 

(2,4,8,12,9,1,12,8,4,12,1,3) G V 12M; < U . Then h a = 0, n Q = 1, g a = and r Q = 3. 

Observe that r a > I — h a . On Fig.3 is the forest _F a associated with a. Let u = (1,2,3). 

Note that v = (11,1,2) is the 2-th vertex of F a — T\(u) that is visited by a breadth-first 

search. On Fig. 4 is the corresponding forest ip(F a ), which is obtained from F a — Ti(u) with 

Ti(u) attached to v and with the second and third entries of the triplet updated. Sorting the 

triplets of non-root vertices by the first entries, we retrieve the corresponding parking function 

a = (3, 4, 8, 12, 9, 1, 12, 8, 4, 12, 1, 3) with leading term 3 from their second entries. 

(Ro,0,0) (Ri,0,2) (R2,0,7) 




(6,1,1)/ \v {3 8 7) 

(11,1,2^ 



(1,2,3) 






(8,8,8) (4,12,10)(7,12,11) (10,12,12) 

(12,3,4) (5,9,9) 
(2,4,5) (9,4,6) 

Fig.3. The forest .^associated with the parking function a = (2, 4, 8, 12, 9, 1, 12, 8, 4, 12, 1, 3) 

(Ro,0,0) (Ri,0,6) (R2,0,9) 

.1)/ // * S \ (3,8,7)/\^8,8,8) % /^^\ 

(4,12,10) (7,12,11) (10,12,12) 




(12,3,4) (5,9,9) 
(2,4,5) (9,4,6) 



Fig. 4. The corresponding forest <f){F^) 



Lemma 3.3. Let k be an integer with k > 1. For any l<l<n + k — 1, Let A<i = {a G 

K,n+k;<n+k I T * = 1 ~ K, n a = 1, K < k - 1} and C 2 = {a G V l +^ +k .< n+k \ I = g a } , then there 
is a bijection from A2 to C 2 . 

Proof. It suffices to establish a bijection ip : !F(A2) — > T{C 2 )- Given an F a G ^(A^, let 
u = (l,/,7r a (l)) G F a . Obviously, u G Th a . Let rh a +i be the root of the tree T^+i. Delete 
T ha {u) from T ha and attach T ha {u) to r ha+ i so that u is the first child of r^+i- Then updating 
the second and the third entries of all non-root vertices by Algorithm A, and the other trees 
remain unchangeable, we obtain ip(F a ). The triplet of u becomes (1,/ + 1,/ — h a ). Suppose 
F/3 = if){F a ), then g p = I, hence i(){F a ) G T{C 2 ). 
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To find ip' 1 , given an Fp G T(C-i), let u — (1,1 + 1,7173(1)) G Since / = gp, we 
have hp > 1 and that the parent of u is the root R^. of the tree T h in j^g. Traverse T h „_i by 
breadth-first search and suppose v is the last vertex. Delete Th (u) from and attach T/^ (u) 
to f . Then updating the second and the third entries of all non-root vertices by Algorithm 
A, and the other trees remain unchangeable, we obtain ip~ 1 (Fp). The triplet of u becomes 
(1, 1,1- hp + 1). Hence, i)~ l (Fp) G T(A%). ■ 



For example, take n = 10, k = 2 and / = 3. We consider a parking function a = 
(3,10,4,10,7,1,4,1,10,7) G 'Pio,i2;<i2- Then h a = 0, r a = 3 and t Q = 1. Observe that 
r a = I — h a . On Fig. 6 is the corresponding forest ip(F a ), which is obtained from F a — T\(u) 
with T\(u) attached to (R\, 0, 5) and with the second and third entries of the triplet updated. 
Sorting the triplets of non-root vertices by the first entries, we retrieve the corresponding 
parking function (4, 10, 5, 10, 4, 1, 5, 1, 10, 4) with leading term 4 from their second entries. 



(Ro,0,0) (Ri,0,2) (R2,0,7) 




(3,4,4) (7,4,5) 

Fig. 5. The forest ^associated with the parking function a = (3, 10, 4, 10, 7, 1, 4, 1, 10, 7) 

(Ro,0,0) (Ri,0,2) (R2,0,7) 




(3,5,6) (7,5,7) 

Fig. 6. The corresponding forest <fi(F' a ) 

Lemma 3.4. Let k > . For any k + l<l<n + k, Let A 3 = {a G V l n n+k . <n+k | r a = 
I — h a ,n a = l,h a = k] and C 3 = {(3 G V™~\^!~+v<n+k+i I m P = 0; ^ en there is a bijection 
from A3 to C 3 . 

Proof. For any a = (I, a 2 , . . . , a n ) G .A3, let (3 = (n + k + 1, a 2 , . . . , a n ). Let S = {j \ 
l + l<ai<n + k} and T = {j \ m a + 1 < ai < I — 1}. Furthermore, let as and «t be two 
subsequences of a determined by the subscripts in S and T, respectively. Since a G A3, as 
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and «t correspond with a parking function of length n + k — I and I — m a — 1, respectively. 
So, h a = k implies /? G C 3 . 

Conversely, for any (3 — (n + k + 1, 02, . . . , a n ) E C3, let a = (/, 02, . . . , a n ). mp = I implies 
a E A3. This complete the proof. ■ 

Lemma 3.5. Let k > 0. For any k + l<l<n + k, Let A3 = {a E V l nn+k . <n+k \ r a = 
I - h a ,n a = l,h a = k}, then \A 3 \ = (^-^Pi-k-u-i^i-iPn+k-i- 

Proof. Lemma [3.41 implies that |^4 3 | = |C 3 |. For any a = (a 1; . . . ,a n ) E C3, let S = {j \ 
di < I — 1} and T = [n} \ S, then \S\ = I — k — 1 and |T| = n + k + 1 — I. Furthermore, let 
as and ax be two subsequences of a determined by the subscripts in S and T, respectively. 
Obviously, as E Vi-k-i,i-i,<i-i- Suppose a? = (61, • • • , since Z + l<6 3 <n + A; + l 

for any 1 < j < n + A; + 1 - I, we have (61 - I, ... , b n+k+1 _i - I) E V^ti-l 

There are (,™7_S\ ways to choose / — k — 1 numbers from [2, n] for the elements in S. 
There are pi- k -i,i-i,<i-i and p n+ k~i possibilities for as and «r, respectively. Hence, we have 

I -43 1 = IC3I = (^ fc _ 1 )pi_fc_i ! i_i ) <;_ip n+ fe_i. ■ 

4 Enumerations for parking functions in V l nn+k . <n+k 

In this section, with the benefit of the triplet-labelled rooted forests, we enumerate parking 
functions in the set V l Htn+k .< n+k . 

Theorem 4.1. For any k > 0, we have p l n . n+k .< n+k = p 2 n>n+k; < n+k = ... = P^n +k; < n+k - 



Proof. Let A\ and C\ be defined as that in Lemma 13.21 A2 and C2 defined as that in 

2 2 
Lemma HT3J Note that V l n n+k .< n+k = [j A t and V l ^ +k .^ n+k = [j C { . Hence, by Lemmas EH 

i=l ' ' i=l 

and 13.31 we obtain the desired results. ■ 



Theorem 4.2. (1) pl >n+k .< n+k = p n -i,n+k;<n+k for any k > and n > 1; 

n 

( 2 ) Pn,n+fc,<n+fc = E {^l) Pi,i+k-i,<i+k-iPn-i for any k > 1 . 



1=1 



Proof. (1) For any a = (1, a 2 , . . . , a n ) E V^ n+k ,< n+k , let if){a) = (a 2 ,...,a n ), then 
if>(a) E V n -i tn+ k;<n+k- Obviously, the mapping if) is a bijection between the sets V^ n+k . <n+k 
and V n -i t n +k] <n+k- Hence, P^ n+fe; < n+fe = p n -i,n+fe ; <n+fe for any k > and n > 1. 
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(2) For any a G V\ n+k <n+k , we suppose that the last parking space which don't be 
occupied is i. Obviously, k+l<i<n + k. Let S = {j \ aj < i — l,Oj G a} and 
T — [n] \ S, then \S\ = i — k, \T\ = n + k — i. Let as and «r be two subsequences of 
a determined by the subscripts in S and T, respectively. Then we have as G 'Pi-k,i-i,<i-i- 
Suppose a T = (61, . . . , 6 n+fc _j), then (&x - i, . . . , b n+k _i - i) G V n+k -i- 

There are ("rM ways to choose i — A; — 1 numbers from [2, n] for elements in S since 1 G S. 
There are p]_ ki _ 1 <i _ 1 and p n+ k-i possibilities for the preference sets as and ar, respectively 

Hence, we have 

n+k 



Pi-kA-l,<i-lPn+k-i 



i=k+l ^ ' 

A* - A 1 

— \i _ l JPi,i+k-l,<i+k-lPn~i- 

i=l ^ ' 

Theorem 4.3. Letn>l,k>0 and k + l<l <n + k-l. Then 



n l - n l+1 = ( U 1 

Pn,n+k;<n+k P n,n+k;<n+k \ ^ jL 



PZ-fc-l,/-l;<a-lPn+fc-Z- 



Proof. Let i={ae V l nn+k ,< n+k I h a = k,n a = l,r a = I — k} and £ = P£ in+fci < n+fe \A 
By Lemmas 13.21 and l3~3| there is a bijection from the sets B to V^+k-^n+k- Hence, P l n ^ n+ k;< n +k~ 
P l n,n+k;<n+k = \ A \- Lemma EES implies that 

i _ /+i / n - 1 A 

Pn,n+k;<n+k Pn,n+k;<n+k ~ I 7 _ k _ ^ J Pl-k-l,l-l;<l-lPn+k-l ■ 



Lemma 4.1. For any k > and n>l, we have P^n+k-,<n+k = Pn-x,n+k-v,<n+k-i 

Proof. For any a = (n + k, a 2 , . . . , a n ) G ^™++ fc; < n+fc , let <P( a ) = («2, ■ ■ ■ , a n ), then 
</?(a) G 7V-i,n+fc-i;<n+fc-i- Obviously, this is a bijection. ■ 



5 The Bijections for /c-flaw preference sets in V n . <s . k 

In this section, we consider triplet-labelled rooted forests associated with preference sets 



in the set T l n . <s . k . 
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For any 1 < s < n, let B n , s ,k denote a set of the forests F = (T , . . . , Tk) G such that 
(1) the tree T k has at least n + k — s + 1 vertices; (2) all the vertices cr^ 1 (s — k), Cp 1 ^ + 1 — 
k), . . . , cr i ^ 1 (n) are leaves, where Up 1 is the linear order on [n] with respect to <_f. 

Lemma 5.1. Let n and k be two nonnegative integers. Suppose that 1 < s < n and the 
mapping (ft is defined as that in Lemma l3J\ then (ft is a bijection between the sets V n ;< S ;k and 

Bn,s,k • 

Proof. For any a = (ai, . . . , a„) G V n -< s -k, if we add k parking spaces, then a can be 
viewed as an element in the set "P n ,n+fc ; <n+fc- So, we may suppose that the empty parking 
spaces are mi, ... , m^ and F a = (T , . . . , Tk) is the triple-let labeled rooted forest associated 
with a. Lemma [37X1 implies that 0(a) G B n ,k- Since s < n, we have rrik < s — 1, hence, the tree 
Tk has at least n + k — s + 1 vertices. On the other hand, let r a and n a be the specification 
and the permutation on [n] of a, respectively. Then the vertex 7r Q ; 1 (z) is a leaf in Tk since 
r i+k+ i = for any i G [s - k, n]. So, <f)(a) G <B n ,s,fc- 

Conversely, for any F G # n ,s,fc, Lemma |3~T1 tells us that = (a 1; . . . , a„) G P n ,n+fc;<n+fc- 

Suppose that all the empty parking spaces are mi, . . . , m^, then m^ < s — 1 since Tk has at 
least n + k — s + 1 vertices. Let ap 1 be the linear order on [n] with respect to <_f. Fur- 
thermore, let F be the triple-let labeled rooted forest from F. Then < s for any i G [n] 
since the vertices cr^ 1 (s — k), cr^ 1 (s — fc + 1), . . . , cr^n) are leaves. If we erase exact k parking 
spaces n+1, . . . , n + k, then there are k cars which can't be parked, hence, G V n; < s; k- B 

The proofs of the following four lemmas is similar to Lemmas 13.21 13.31 13.41 and 13.51 We 
just state them as follows. 

Lemma 5.2. Suppose that k > 1, I > 1 and / + 1 < s < n. Let A[ = {a G V n . <s . k \ h a < 
k — 1 and r a > I — h a or n a > 2} and = {a G V l ^\ s . k \ h a < k — 1 and £ > ^ a + 1}. Taen 
inere zs a bijection from A[ to C[. 

Lemma 5.3. Suppose that k > 2 and 1 < / < s — 3. Let A' 2 — {ex G V l n . <s . k \ T a = 
I — h ai n a = l,h a < k — 2} and C' 2 = {a G V l ^< s . k \ h a < k — 1 and / = a a } ; £nen iaere zs a 
bijection from A 2 to C 2 ■ 
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Lemma 5.4. Suppose that k > 1 and k + 1 < I < s — 2. Lei .4. 3 = {a G 'P l n < s k I t q = 
/ — h a , n a — 1, h a — k — 1} and C 3 = {/3 G ^. <s . fc+1 | m fc = /}, £/ien i/iere zs a bijection from 
A' 3 to C 3 . 

Lemma 5.5. Suppose k > 1 and k+l<l<s— 2. Let .4.3 = {a G V l n . <s . k \ r a = 
I - h a ,n a = 1, h a = k - 1}, then \A' 3 \ = (^li)pi-k^-i,<i-ilCik-i-,<s-i-,x- 

Using the above four lemmas, we may consider the problem of enumerations of preferences 
sets in the set V l n . <s . k . 

6 Enumerations for the preference sets in V l n . <s . k 

First, we study the case with 1 < I < k. 

Theorem 6.1. Suppose that 1 < s < n. For any k > 1, we have p l ri . <s . k = vli < s k — ■ ■ ■ — 

k 

Pn;<s;k' 

Proof. Let A[ and C[ be defined as that in Lemma 15.21 A' 2 and Cgdefined as that in 

2 2 

Lemma E31 Note that V l n .< s . k = [j A\ and V l +\ s . k = [j C[. Hence, by Lemmas O and ET 

i=l '~ ' i=l 

we obtain the desired results. 



Theorem 6.2. Let k > 1 and k + 1 < s < n, then 

s-fe-1 

( \„ . 

-i.s— i— l;<s— i— 1' 



s-fe-1 / 72 — 1 \ 
Pn;<s;fc = X] ( e _ i _ h _ 1 )P"+fc-s+i;<iP S -fe- 



Proof. For any a — (a%, . . . , a n ) G V^. <s . k , we suppose that the last empty parking space is 
s — i. Obviously, 1 < i < s — k — 1. Let S = {j \ s — i + 1 < aj < s} and as be a subsequence of 
a determined by the subscripts in S, then \S\ = n + k — s + i. Suppose as = (&i, ... , b n+k ^ s+i ), 
then (bi — s + i, . . . , b n+ k- s +i — s + i) G V n +k- s +i;<i- Let T = [n] \ S and «t be a subsequence 
of a determined by the subscripts in T, then \T\ = s — k — i and ar G V\_ k _ i s _ i _ 1 .< iS _j_ 1 . 

There are ( ways to choose s — — i — 1 numbers from [2, n] for the elements in T 

since 1 G T. There are p n +k-s+i and s _ i _ 1 . <s _ i _ 1 possibilities for the parking function 



as and the preference set ar, respectively. Hence, we have 

s-fc-1 

/ 71 — 1 \ | 

Cs— i— 1' 



i / n - 1 \ ! 

Pn;<s;k ~ 1 _ ^ _ t _ ^ I Pn+fe-s+i;<iP s -fc-i,s-i-l;<4 



i=l 

17 



Now, we consider the case with I = s. 

Theorem 6.3. p s n - <s - k +\ = P„-< s -k f or an U k>l and k + 2 < s < n. 

Proof. It suffices to establish a bijection : ^F(V^. <s . k ) — > ^ 7 ('Pn-<s-k+i)- Given an 
F a = (T ,...,T fc ) G HK<s,k), let u = (l,l,vr Q (l)) G F a . Clearly, u G T . Deleting T (u) 
from T , we denote Tq = T — Tq(u). Suppose the number of the non-root vertices in Tq is a, 
let the triplet of u becomes (i?i,0, a) and T[ = T (u). Let the triplet (_R 2 ,0,/z 2 ) of the root 
in T 2 become (#3,0, — 1) and let T3 = T 2 . For any j > 2, let the triplet (i?j,0,//j) of the 
root in Tj become 0, fii) and let T/ +1 = Tj. Traverse T^ +1 by breadth-first search and 

suppose f is the (s — 1 — k — fik)-th vertex, attach a new vertex w, where the first entry of w is 
1, as the first child v. Then updating the second and the third entries of all non-root vertices 
by Algorithm A, we obtain <p(F a ) G F(Vn;<s;k+i) ■ 

To find <p~\ given an Fp = (^,...,7^) G F(K-,< S ;k+i), ^ w = (1,^,^(1)) G Pp. 
Clearly, w G T' k+l . Delete w from T' k+l . Suppose that the root of T[ is u = (i?i,0,/ii). Let 
the first entry of the triplet of u become 1 and attach u to be the first child of the root of 
Tq. We denote the obtained tree as T . Let the triplet (i? 2 ,0, /x 2 ) of the root in T2 become 
0, /i 2 + 1) and let T\ = T' 2 . For any j > 3, let the triplet (Ri, 0, /ij) of the root in T[ become 
(Ri-i, 0, Hi) and let T/_ x = T. Then updating the second and the third entries of all non-root 
vertices by Algorithm A, we obtain <y9 -1 (T a ) G J r ('P^. <s . fe ). ■ 

Theorem 6.4. Let k > and k + 1 < s < n. Then p s n+1 . <s . k = p n< < s< k- 

Proof. For any (5 = (s, bi, . . . , b„) G V^ +1<s k , we consider the mapping tp{(3) = (61, ... , b„). 
It is easy to check that <p if a bijection from the sets p s n+l . <s . k to V n] < S] k- Hence, p s n+1 . <s . k = 

Pn;<s;k- ' 

Corollary 6.1. Lei fc ; n and s be three integers. Suppose k > 1 and + 2 < s < n. Taen 

Pn+l;<s;fe = Pn;<s;k+1- 

Proof. By Theorems 16.31 and 16.41 we immediately obtain the desired results. ■ 
Theorem 6.5. p™^ = p 2 n for any n > 2. 
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Proof. It suffices to establish a bijection (p : T{V^) — > ^(V^i)- Given an f a G T{V^), 
let -u = (1,2, 7r a (l)) G T a and ty = (i? ,0,0) be the root of T a . Suppose the number of the 
vertices in T a {u) is a. Obviously, a > 1. Let the triplets of w and w become (i?i,0, a — 1) 
and (i? ,0, 0), respectively. We denote T = T a (u). Deleting T a (u) from T a and traversing 
T a — T a {u) by breadth-first search and suppose v is the (n — 1 — a)-th vertex, attaching a new- 
vertex s, where the first entry of s is 1, as the first child v, we denote the obtained tree as T\. 
Then updating the second and the third entries of all non-root vertices by Algorithm A, we 
obtain 4>(f a ) G T{Vl. x ). 

To find v?" 1 , given an Fp G FiV^), let s = (1,71,7179(1)) G F p = (T ,Ti). Clearly, s G T v 
Suppose u = (R , 0, 0) is the root of T , the number of non-root vertices of T is a and the 
root of Ti is w = (R±, 0, a). Delete the vertex s from 7\. Let the first entry of the triplets of 
u become 1 and the triplets of w become (i? ,0,0). Traverse Ti by breadth-first search and 
suppose v is the first non-root vertex and attach u to be the first child of v. Then updating 
the second and the third entries of all non-root vertices by Algorithm A, we obtain <p~ l (Fp). 
The triplet of u becomes (1, 2, tt(1)). Hence, tp~\F p ) e F{Vl). ■ 

Lemma 6.1. For any n > 2, we have p™ ;1 — p™^ 1 = p n _ 2 

Proof. Let A x = {a G V^ 1 \ r n - X + r n < 2} and & = {/3 G | r„„i+r n < 2 and < 
n - 1}. Let i 2 = {aG P^ 1 | r n _ x = 3} and C 2 = {/3 G | r n _ x = 2 and r n = 1}. For any 
a = (n — 1, 02, . . . , a n ) G »4i U ^.2, we consider the mapping ipi(a) = (n, 02, • • • , a n ) G Ci U C 2 . 
Clearly, the mapping ^1 is a bijection from the sets A\ U A2 and Ci U C2. 

Let A 3 = {a G T^ 1 | r n = 1 and r n _ x = 2} and C 3 = {/? G | r n _ x = 1 and r n = 2}. 
For any a = (ai, . . . , a n ) G ^.3, obviously, ai = n — 1 and there are 2 7^ 1 and j such that 
Oj = n — 1 and a, = n. Let 61 = ftj = n, bj = n — 1 and 5^ = at for any /i ^ {l,i,j}, then 
(3 — {pi, ... , b n ) G C 3 . It is easy to obtain that i/j 2 is a bijection between the sets A3 to C 3 . 

Let A = {a G P™^ 1 | r n = 2 and r n _i = 1} and C 4 = {/? G | r n = 2 and = n- 1}. 
Note that (Ai, A2, A3, A4) and [C\, C 2 , C3, C4) form a partition for P™^ 1 and respectively. 
Hence, p™ ;1 -p™^ 1 = - I^I 1 ) = |C 4 | - \A±\. It is easy to obtain that |C 4 | = (n - l)p„_ 2 
and \Aa\ = ( n a 1 )2(n - l)™" 4 = (n - 2)p„_ 2 . Therefore, p™ : - p™" 1 = p n _ 2 for any n > 2. ■ 



19 



To enumerate preference sets in V l n . <s . k with k < I < s, we need the following lemma. 



Lemma 6.2. Suppose k>l,k<l<s — 1 and s < n. Let V l n . <s . k = {a G V l n . <s . k \ m a < 
I}. Then \P n .< s . k \ = £ (i^kWi-k^d^k^-i^-v 



Proof. For any a = (ai, . . . , a n ) G V l n . <s . k , we suppose that the last empty parking space 
is % + 1, then — 1 < % < I — 2. Let 5 = {j | 1 < dj < i} and as be a subsequence 
of a determined by the subscripts in S, then \S\ = i + 1 — k and as G Pi+i-fc,j;<j. Let 
T = [n} \ S and «t be a subsequence of a determined by the subscripts in T, then \T\ = 
n + k — i — 1. Suppose a T = . . . , b n+ k-i-i), since 2 + 2 < a, < s for any j G T, we have 
(6i - i - 1, . . . , bn+k-i-! -i-l)e V 1 -^^^. 

There are Q™^) wa Y s to choose i + 1 — k numbers from [2, n] for the elements in S* since 
1 ^ S. There are Pi+i-k,i-,<i and p l n+k-i-\-<s~i-i possibilities for the preference set as and the 
parking function «t, respectively. Hence, we have 

1-2 / n _l \ 



Example 6.1. Take n = 7,s = 6, I = 4 and k = 2. 5y the computer search, we have 
\Vj. <6 . 2 \ = 6265. By the data in Appendix, we find Po,i;<i = 1? Pr<A = 3361, £>i,2 ; <2 = 2 and 

2 

Pg. <3 = 242. Hence, it is easy to check that \V$. <6 . 2 \ = £ G-i)Pi-i,i;<iP8-i-<5-i- 

' i=i 

Theorem 6.6. Lei n, s, k, I be integers. Suppose k>l,k<l<s — 1 and s < n. Then 

l + l l / n 1 \ r i — j— 1 ] 

Pn;<s;k ~ Pn;<s;k ~ /-^ \4 _ t _|_ 1 J Pi~k+l,i;<i [Pn+k-i-l;<s-i-l ~ Pn+k-i-l;<s-i-l\ 
i=k-l ^ ' 

( n ~^\ r i s-Z 1 

+ 1 / _ k jP 1 -^ 1 - 1 ^ 1 - 1 [Pn+k-l;<8-l ~ Pn+k-l;<s-l;l\ ■ 



Proof. Let A[ and C[ defined as that in Lemma 15.21 A 2 and C' 2 defined as that in Lemma 

15.31 .A3 defined as that in Lemma 15.41 V l ^\ s k and V l n <s k defined as that in Lemma 16.21 

3 2 
Obviously, V l n;<s;k = (J A U V l n . i<s . ik and P l n % k = \J C[ U V l n % k . Hence, 

\V l+1 \ — \V l I = l"P m I — \V l I - I A' I 

I' n;<s;fcl I n;<s;rel I' n;<s;fcl I n;<s;k\ l"^ l 3r 
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By Lemmas 15.51 and 16.21 we have 



n l+1 - n l 

"n;<s;fc y-n;<s;k 
1-1/ \ 1-2 



E f U ~ 1 \ l-i ST ( \ 

I • , i _ 7 jPi+l-k,i;<iP n +k-i-l;<s-i-l 2-~i I { _|_ 1 _ h ) P i + 1 ~ k > i '>^ i Pn+k-i-l;<s-i-l 

i=k-l ^ ' i=k-l ^ ' 

' U - A s-l 
j _ ^ JPl-k,l-l;<l-lPn+k-l;<s-l;l 

= W _ I. _|_ 1 jP i - k + l ^< i \Pn+k-i-l;<s-i-l ~~ Pn+k-i-l;<s-i-l] 

i=k-l ^ ' 

f n ~ A r i s-2 i 

+ I / _ k )Pl-k,l-l.<l-l [Pn+k-l;<s-l - Pn+k-l;<s-l;l\ ■ 

■ 

Example 6.2. Ta&e n = 7,s = 6, / = 4 and k = 1. By the data in Appendix, we 
find Pj. <6 -i = 19042, Pj. <e -i = 18602. Hence, p 7;<6; i — £>7 ; <6 ; i = 440. On the other hand, 
we have p ,o ; <o = 1, £>7;<5 = 9351 > P?,<5 = 10026, pi,i,<i = 1, pi t < 4 = 701, p@ ; <4 = 776 , 

£>2,2;<2 = 3, p|< 3 = 65, p\^ = 80, £> 3 ,3,<3 = 16, ^4^3 = 8, p\<^\ = 1 - ^ is eaS V to ° heck tflat 

2 

P7;<6;1 - P7;<6;1 = QpS,3;<3 [pl;<2 ~ Pl;<2;l] + £ QPi,i;<i [Pl~\<h-i ~ Pti;<5-J ■ 

7 The generating function 

In this section, we will study some generating functions for some sequences given in the 
previous sections. First, we need the following three lemmas [TT] . 

Lemma 7.1. [UJ Suppose that k > 0. Let Q k (x) = £ p "-" + ^;-" +fc x n , ffcen Qjfc(ar) = 

n>0 

[P(x)] fc+1 . 

Lemma 7.2. [TT] Supposethatk > 0. Let R k (x) = £ p "^p fc x n andR(x,y) = £ Rk(x)y k , 

n>k ' k>0 

then R k (x) = P(x) £ ^±^V - £ fc^ffi^ an rf flfo y ) = fgt* 

i=0 i=0 



Lemma 7.3. [H] Let F(x,y,z) = £ £ £ v -j^±x n y s z k , then 



k>0 s>k n>s+l 



F(x,y,z) 



e xyz _ z 



P(xy)(P(x) — yP[xy)) zP(xyz)[P(x) — yzP(xyz)] 
l-y 1-yz 



Now, for any k > 1 and s > 0, we define a generating function D ks (x) = £ "' k x n . 

n>s+k 
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Theorem 7.1. Suppose s > and k > 1. Lei D kyS (x) be the generating function for 

Pn;<n—s;ki then 

L> M (x) = [P(x)] fc+1 2^- ^ - L x l - [P(x)] k ^ ^ J -±—. J -x\ 



i=0 



i=0 



11 



Proof. By Lemma I2.1[ we have 

ft S 



n>s+k 



EX ^ — \ ^ — r 
Pn;<n-s;k-^ = 



n>s+k 8=1 
n 

EE 

n>0 i=0 



, iPn — s—i — k,n — s~i — l:<n—s — i — lPs+i+k:<i~ 

s + z + k J - n\ 



Pn—i,n+k—i—l;<n-\-k—i—l Ps+i+k;<i n+s+k 

(n-i)\ (s + i + k)\ 



hence, 



D k , s {x) = Q k -i(x)R s+k (x) 



fe+s— 1 



i=0 



i=0 



Corollary 7.1. Lei D k (x,y) = D k;S (x)y s for any k > 1, then 

s>0 



D k (x,y) 



~P{x)~ 


k 


y 





k-1 



R{x,y) -J2 R s( x )v s 



s=0 



Furthermore, let D(x,y, z) = D k (x,y)z k , then 

k>l 



D(x,y,z) 



zP(x) 



y — zP(x) 
Proof. By Theorem 17.11 we have 



P{x) -y (1 - z)P(x) 



e xy _ y e xzP(x) _ z p( x j 



D k(x,y) = ^2D k ^(x)y s 

s>0 



s>0 



~P(x)~ 


k 


y 





k-1 



R(x,y) -J2 R s( x )y s 



s=0 
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Hence, 



k>l 



P{x) 



fc-1 



R(x,y) -J2 R s( x )v S 



s=0 



A:>0 

zP(x 



y 



k+l 



zP{x) 



k+l k 



y — zP(x) 
zP{x) 



k>0 

[R(x,y)~ R(x,zP(x)) 
P(x) -y (1 - z)P(a;) 



s=0 



y — zP(x) e xy — y e xzP{x) _ z p^ x ) 



For any k > 1, we define a generating function Jfc(x) = ^ "'^ ; ^" +fc x" and let I{x,y) 

n>l 

E 4 



fc>0 



Lemma 7.4. Suppose that k > 0. Let ifc(x) 6e t/ie generating function for „ +fc . <n+fc , 
t/ien Jfc(x) satisfies the following recurrence relation 

h{x) = h-i{x)P{x) 

for any k>l, with the initial condition Iq(x) = x[P(x)} 2 . Equivalently, 



I k (x) = x[P{x)\ 



k+2 



Let I{x,y) = J2 h{x)y k , then 

k>0 



I{x,y) 



x[P(x) 



1 - yP(x) 

Proof. When k — 0, it is known that Iq{x) = x[P(x)] 2 . When k > 1, Theorem 14.21 implies 



that 



1 n l 

EPn.n+k:<n+k n _ ST^ ST~^ Pi,i+k-l;<i+k-l Pn-i n 
(n-l)\ X ~2^2^ —■ ^ 

n>l v 1 n>l i 



-f (i-l)! (n-i)!" 



Hence, 



= 4_!(x)P(x) and I k {x) = x[P{x)} k+2 . 



It is easy to obtain that 



I{x,y) 



x[P{x)f 

l - yP(x) 
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For any I > and k > 0, we define a generating function H^ k {x) = n -™+^"+ k x ™ 

n>l+l 

Theorem 7.2. Suppose I > and k > 0. Let Hi jk (x) be the generating function for 
PVn+k-<n+k' then Hi : k(x) satisfies the following recurrence relation 

m, k {x) = H^, k (x) - x l + ^ +1 [P(*)] fc+1 

with the initial conditions H Qtk (x) = x[P(x)] k+1 . 

Proof. When / = 0, Lemma PO tells us that 

Pn,n+k;<n+k = Pn-l,n+k-l;<n+k-l 



for any k > and n > 1. Hence, 

H ,k(x) = ^ 

n>l 

= E 



n+fc 

rn,n+k;<n-\-k n 

(n-1)! X 

n>l v 7 

Pn— l,n+fc— l;<ri+fc— 1 »i 
: _ qr' L 

(n-1)! 

n>l v 7 

Pn,n+k:<n+k n 
X > ; f= X 

n\ 

n>0 



E 

n>0 

x[P(x)] fc+1 . 



Given / > 1 , by Theorem I4.3[ we have 



r.n+k-1 _ n+k-l+1 _ ( n 1 . 

Pn,n+k;<n+k Pn,n+k;<n+k ~ \ ^ j Pn-l-l,n+k-l-l;<n+k-l-Wl- 



This implies that 



H hk {x) = H^ k {x) - P -^^x l + x l+lP jQ k {x) 

= ^-i, fc (^)-^^^ + |x' +1 [P(x)] fc+1 . 
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Corollary 7.2. Let Hk(x,y) = Y2 Hi,k{x)y l , then H k (x) satisfies the following equation 



l>0 



H k {x,y)=yH k {x,y)-xy[P{xy)] k+2 + x[P{x)f +1 P{xy). 



ifc+i 



Equivalently, 



H k (x,y) 



xP(xy) {[P(x)} k+1 - y[P(xy)} k+1 ] 



Let H(x,y,z) = Y H k (x,y)z k , then 

k>0 



H(x,y,z) 



xP(xy) 



1-2/ 

Proof. By Theorem 17.21 we have 



1-3/ 



P(x) yP{xy) 



1 — zP(x) 1 — zP(xy) 



Pl,l+k;<l+k , \l . r D / xnfc+iV^Pi/ w 

\xy) +x[P(x)\ + 2^7i"™- 



i>i 



i>i v ' i>\ 

Therefore, H k (x,y) = yH k (x,y) — xy[P(xy)] k+2 + x[P(x)] k+l P(xy). Equivalently, we have 

xP{xy) {[P(x)] k+1 - y[P(xy)] k+1 } 



Furthermore, 



H k (x,y) 



H(x,y,z) 



xP(xy) 

i-y 



P(x) 



yP(xy) 



1 — zP(x) 1 — zP(xy) 



Let k > 1 and s > . Define a generating function M S}k (x) = Y 



n;<n — s;k 



n>s+fc+2 

Lemma 7.5. Suppose that k > 1 and s > 0. Lei M s ^ k (x) be the generating function for 

Pn;<n-s;k> then 

M S;k (x) = R s+k {x)I k _i{x). 
Let M k (x,y) = Y M Stk {x)y s and M(x,y,z) = Y M k (x,y)z k , then 



s>0 



k>l 



M k {x,y) = I k -i{x)y~ 



k-l 



R{x,y) ~^2R s {x)y s 



s=0 



and 



M(x,y,z) 



xz[P(x)f \P(x) -y (1 - z)P(x) 
y — zP(x) e xy — y e xzP{x) _ z p( x ) 
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Proof. For any k > 1 and s > 0, Theorem 16.21 implies that 



n—s—k—l 



n — 1 

s + k + i 



Pn:<n-s;k ~ / , I „ , ;„ . ■ 1 Ps+k+i;<iP n - s -k-i ,n— s— i— l;<n— s— i— 1? 



hence, 



So, 



M s , k (x) = R s+k (x)I k -i{x). 



M k (x,y) = ^i? s+fc (x)4_i(x)y s 



s>0 



h-i{x)y~ 



k-l 



R{x,y) -J2 R *( x )y £ 



Furthermore, we have 

M(x,y,z) 



k-l 



J2h-i(x)y- k [R(x } y) - Y,Rs(x)y s V 



k>l 



s=0 



xz[P(x)f 



[R(x,y)-R(x,zP(x))} 



y — P(x)z 
xz[P(x)f \P{x) - y (l-z)P(x) 



y — zP(x) 



e xy — y e 



xzP(x) 



zP(x) 



Define a generating function 



Pn: 



n] - n - s;k x n y l z s v k . 



k>l s>0 l>s n>k+l 



(n-1)! 



Theorem 7.3. 

W(:c, y, z, v) 



xyvP(xy) 

y-i 

P(x) 



P(x) 



yP{xy) 

yz — vP(xy) yz — vP(x) 



R(xy, z) 



+ 



,R(xy, -P(x)) - yP(x ^ R(xy, -P(xy)) 
yz — vP[x) y yz — vP[xy) y 



vP(x) 



yz — vP(x) 



F(x,y,z) -F(x,y,-P(x)) 

y 



Proof. First, let W kyS j{x) = Yl ffi)f x " When I = s = 0, Theorems ESI and 1631 



n>fc+« 



imply that 



fn\k 



Pl=P 1 n - Pn-1 if k=l 



Pn:k-1 



if k>2 
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This tells us that 

xP(x)[P(x) - 1] if k=l 
M 0>k ^(x) if k>2 

When I = s > 1, by Theorem 16.41 we have W kjS>s (x) = xD kjS _i(x). 



For any / > s + 1 , by Theorem 16.61 it follows that 

n—k—l—l 



rn\<n—s;k "n;<n—s\k 



i=0 



n — 1 

i 



r> \ n-k-l+l-i _ n-k—l—i ] 

Pi,i+k-l;<i+k-l ly n -i;<n-s-k-i fn-i;<n-s-k-ii 



+ 



n — 1 



n — k — / 

71 — fc — i 



Pn-fc-/,n-/-l;<n-/-l [Pz+fc;<i— s ~~ Pi+fe-l;<i-s;l] 



i=0 



E/^ Mr. f n-fc-J+l-i _ ^n-k-l-i | 

^ . / A,i+fc-l;<i+fc-l [/V-i;<n-s--fc-t f' n _j ; < rl _ s _jt_ij 



72 — 1 



n — k — I 



Pn-k-l,n-l-l;<n-l-lPl+k-l;<l-s;l- 



LetF k)S {x)= £ %r^f^ n , then 



n>s+l 



(k + l - 2)! — ~ W fc)S)i (zj 

P/+fe-l;<i-s;l k+l , F / \ F / \ 



(k + l-l)\ 



Qk-\{x). 



Let W k ,.(x,y) = £ £ ^rf^Y = £ Wm^V and F fc (x,y) = £ then 

£>s n>£:+£ l>s s>k 

yW k>s (x,y) - y~ k+l M s ^(xy) - W k>s (x,y) + W k ^ s (x)y s 
= [-D 1>s+k _ 1 (xy)y~ k+1 x + F s+k {x, y)y~ k {y - 1) + F s+kjS+k (x)y s ] Q k - X {x). 



v n ~ l 

rn;<n—s;k , y ,n n ,l yS 



Furthermore, note that F(x, y } z) = £ F k (x, y)z k and let W k (x, y, z) = £ £ £ l^-iT xn V 

k>0 s>0l>sn>k+l 

£ w / fc,«( ar »y)' za > then 



s>0 



(y - l)W fc (a:, y,z)-y h+1 M k (xy, z) + W fcA0 (x) + xyzD k (x, yz) 

fc-2 



+ 



s=0 
fc-1 

F(x,y,z) - ^F s {x,y)z 



s=0 



(yz)- k (y-l)Q k ^(x) 



+x{yz) 



-k+l 



fc-2 



R(x,yz) -^2R s (x)(yzY 



s=0 



Qk-i{x) 



s>k-l 



_ x k J- ^f(xyzy- k ^Q k ^( 
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Since W(x,y,z,v) = E E E 



(n-l) 

k>l s>0 l>s n>k+l k>l 



x n y z s v = Wk(x,y, z)v 1 , we have 



(y — l)W(x, y, z, v) — yM(xy, z, -) + vxP(x) [R(x, vP{x)) — 1] + xyzD(x, yz, v) 

y 

xyzvP[x) 
yz — vP{x 
| (y - l)vP(x) 
yz — vP(x) 
xyzvP(x 



^ / x xv 2 \P(x)} 2 ^ . « , ., 
— vP(x) y 



F(x,y,z)-F(x,y,-P(x)) 

y 



xv 2 \P(x)} 2 .. . 

t- —R(x,yz) l -^-R(x,vP(x))-xvP(x) 

yz — vP(x) yz — vP(x) 



Therefore, 



W(x,y,z,v) = 



xyvP(xy) 
xyvP(xy) 



P(x) 



yP(xy) 

yz — vP(xy) yz — vP(x) 



R(xy, z) 



y-i 

vP(x) 



P{ % S R(xy, -P{x)) - VP{X ^ R(xy, V -P(xy)) 
yz-vP(x) y yz-vP(xy) y 



Tjrr F ( x , •'/• z ) ~ F ( x , //• - p ( x )) 

yz-vP(x) [ y 



8 Appendix 

For convenience to check the equations given in the previous sections, by the computer 
search, for n < 7, we obtain the number of fc-flaw preference sets a = (a±, . . . , a n ) of length 
n satisfying a\ = I and a-i < s for all i G [n] and list them in the following tables. Note that 
Pn;<s;k = if I > s or n < k. In Table 5, we give the values of V l n ,n+k;<n+k f° r an y n — 5 an d 
k < 3. 
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k — 


I — 1 


2 


3 


4 




6 


7 


8 




(n, s) — (1, 1) 


1 


Q 














1 


(2 f 1) 


1 


o 














1 


(2 2) 


2 


1 


o 












3 


(3 1) 


1 


o 














1 


(3 2) 


4 


3 


o 












7 


(3 3) 


s 


5 


3 


o 










16 


(4 1) 


1 


o 














I 


(4. 2) 


s 


7 


o 












15 


(4 3) 


26 


19 


16 


o 










61 


(4 f 4) 


50 


34 


25 


16 


o 








125 


(5> 1) 


1 


o 














1 


(5, 2) 


16 


15 


o 












31 


(5, 3) 


80 


65 


61 


o 










206 


(5 f 4) 


232 


171 


143 


125 


o 








671 


(5, 5) 


432 


307 


243 


189 


125 


o 






1296 


(6, 1) 


1 


o 














1 


(6. 2) 


32 


31 














63 


(6, 3) 


242 


211 


206 


o 










659 


(6, 4) 


982 


776 


701 


671 










3130 


(6, 5) 


2642 


1971 


1666 


1456 


1296 









9031 


(6, 6) 


4802 


3506 


2881 


2401 


1921 


1296 


o 




16807 


(7. 1) 




o 














I 




64 


63 














127 


(7 3) 


728 


665 


659 


o 










2052 


(7 4) 


4020 


3361 


3175 


3130 


o 








13686 


(7, 5) 


14392 


11262 


10026 


9351 


9031 









54062 


(7, 6) 


36724 


27693 


23667 


20922 


18682 


16807 







144495 


(7, 7) 


65536 


48729 


40953 


35328 


30208 


24583 


16807 





262144 



Tabid. p' n;<s for 1 < n < 7 
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k = 1 


i — 1 


2 


3 


4 




6 


7 


g 


Pn , < s , 1 


(n s) — (2 1) 


o 


() 














o 


(2, 2) 


o 


1 


o 












1 


(3 1) 


o 


o 














o 


(3 2) 


o 


1 


o 












I 


(3 3) 


1 


4 




o 










10 


(4 1) 


o 


o 














o 


(4 2) 


o 


1 


o 












I 


(4 3) 


1 




10 


o 










19 


(4 4) 


13 


29 


31 


34 


o 








107 


(5 ; i) 


o 


o 














o 


(5, 2) 


o 


1 


o 












1 


(5, 3) 


1 


616 


19 


o 










36 


(5 j 4) 


23 


84 


97 


107 


o 








311 


(5, 5) 


165 


290 


293 


291 


307 


o 






1346 


(6, 1) 


o 


o 














o 


(6, 2) 


o 


1 


o 












1 


(6, 3) 


1 


32 


36 


o 










69 


(6, 4) 


41 


247 


291 


311 


o 








890 


(6, 5) 


436 


1107 


1206 


1266 


1346 


o 






5361 


(6, 6) 


2341 


3637 


3591 


3461 


3381 


3506 


o 




19917 


(7 1) 


o 


o 














o 


(7 2) 


o 


1 


o 












I 




1 


64 


69 












134 


(7 4) 


75 


734 


857 


890 


o 








2556 


(7, 5) 


1151 


4281 


4858 


5161 


5361 









20812 


(7, 6) 


8402 


17433 


18329 


18602 


19042 


19917 







101725 


(7, 7) 


37883 


54690 


53435 


51008 


48808 


47433 


48729 





341986 



Table. 2. p l n . <3 . 1 for 2 < n < 7 



k = 2 


i = 1 


2 


3 


4 


5 


6 


7 


8 


Pn,<s,2 


(n, s) = (3, 1) 






















(3, 2) 























(3, 3) 







1 













1 


(4, 1) 






















(4, 2) 























(4, 3) 







1 













1 


(4, 4) 




1 


8 


13 











23 


(5, 1) 






















(5, 2) 























(5, 3) 







1 













1 


(5, 4) 


1 


1 


16 


23 











41 




27 


27 


88 


129 


165 









436 


(6, 1) 























(6, 2) 
























(6, 3) 








1 













1 


(6, 4) 


1 


1 


32 


41 











75 


(6, 5) 


46 


46 


252 


371 


436 









1151 


(6, 6) 


581 


581 


1252 


1656 


1991 


2341 







8402 


(7, 1) 























(7, 2) 
























(7, 3) 








1 













1 


(7, 4) 


1 


1 


64 


75 











141 


(7, 5) 


81 


81 


740 


1049 


1151 









3102 


(7, 6) 


1442 


1442 


4572 


6385 


7627 


8402 







29870 


(7, 7) 


12373 


12373 


21404 


26326 


29938 


33563 


37883 





173860 
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Table. 3. p' n . <s . 2 for 3 < ra < 7 



k — 3 


Z — 1 




3 






6 






Pn,<i,3 


/„ ,\ / A 1 \ 

(n, sj — ^4, 1 J 




















() 


(4^ 























(±S)_ 




















(4^_ 




















(IM)_ 




















(££)_ 




















(6^ 




















(5^_ 




















(5^ 




















(6^ 




















(6^ 




















(6^ 




















(6^ 




















(6, 5) 










46 










(6, 6) 


51 


51 
















(7. 1) 





















(7, 2) 








































^4~~ 




















(7, 5) 


1 


1 


1 


64 


81 









148 


(7, 6) 


87 


87 


87 


746 


1241 


1442 







3690 


(7, 7) 


1763 


1763 


1763 


4893 


7942 


10573 


12373 





41070 



Tabic. 4. p l n . <3 . 3 for 4 < n < 7 





I = 1 


2 


3 


4 


5 


6 


7 


8 


Pn,n + k;<n + k 


(n, k) = (1, 0) 


1 
















1 


(1, 1) 


1 


1 














2 


(1, 2) 


1 


1 


1 














(!. 3) 


1 


1 


1 


1 










4 


(2, 0) 


2 


1 














3 


(2, 1) 


3 


3 


2 












8 


(2, 2) 


4 


4 


4 


3 










15 


(2, 3) 


5 


5 


5 


5 


4 








24 


(3, 0) 


8 


5 


3 












16 


(3, 1) 


15 


15 


12 


8 










50 


(3, 2) 


24 


24 


24 


21 


15 








108 


(3, 3) 


35 


35 


35 


35 


32 


24 






196 


(4, 0) 


50 


34 


25 


16 










125 


(4, 1) 


108 


108 


92 


74 


50 








432 


(4, 2) 


196 


196 


196 


180 


153 


108 






1029 


(4, 3) 


320 


320 


320 


320 


304 


268 


196 




2048 


(5, 0) 


432 


307 


243 


189 


125 








1296 


(5, 1) 


1029 


1029 


904 


776 


632 


432 






4802 


(5, 2) 


2048 


2048 


2048 


1923 


1731 


1461 


1029 




12288 


(5, 3) 


3645 


3645 


3645 


3645 


3520 


3264 


2832 


2048 


26244 



Tablc.5. p' nin + k .< n + k for 1 < n < 5 and k < 3 
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